ABSTRACT. The square root function has a unique positive ¿xed point. This function has the following properties: it is strictly increasing and strictly concave, with sEf ' f, s E@ : @ for @ , and sEK K for K : . It is shown that any function from U ? to U ? satisfying these properties has a unique positive ¿xed point.
INTRODUCTION
In dynamic models, stationary equilibrium is typically described as a solution of the equation { @ i+{,, where i is a mapping that determines the current state as a function of the previous state, or as a function of the expected future state. In many cases { is a ¿nite-dimensional vector, and one is interested only in positive solutions, i.e., positive ¿xed points of i . This note shows that if i is increasing and concave, it has a unique positive ¿xed point. The proof is very simple.
Although not well-known, the argument is not new: a version can be found in Krasnosel'skii (1964) , and economic applications of this result can be found in Coleman (1991) and Dutta, Mirman and Reffett (1999). But Krasnosel'skii's result (for a concave operator on a cone in a Banach space) is more dif¿cult than the result given here, and it also imposes restrictions that are not needed in the ¿nite-dimensional case.
In static models of general equilibrium in a competitive economy, a well-known result gives uniqueness of the equilibrium price vector when the system of excess demand functions satis¿es a "gross substitutes" condition, which is weaker than monotonicity. The argument relies on a special property of demand functions, namely zero-degree homogeneity. It will be shown that essentially the same argument works more generally for concave functions in situations where the homogeneity property does not apply.
DEFINITIONS
Let i be a function from U ? to U ? , and let j be the function j+{, i +{, {. Then a ¿xed point of i is a solution of the equation j+{, @ 3, and vice versa. Concavity of i means concavity of each component, considered as a function from U ? to U. Under this de¿nition, concavity of i and j are equivalent properties. But quasiconcavity of i and j are not equivalent, and quasiconcavity of i is not suf¿-cient for the uniqueness result, while quasiconcavity of j is more than suf¿cient, provided that j+3, 3. Since quasiconcavity means convexity of upper contour sets, j+{, @ 3 and j+3, 3 implies that j is nonnegative everywhere on the line from { to 3. The following de¿nition formalizes this property. Note that if i has a positive ¿xed point, R-concavity implies i+3, 3. This property is essential for the uniqueness result: for example, the (one-dimensional) function i+{, @ 7 s { 6 has ¿xed points at { @ 4 and at { @ <. In addition to concavity, a monotonicity assumption is needed. For example, the gross-substitutes assumption says that the excess demand j+s, for any good is an increasing function of the prices of other goods. An equilibrium is a solution of the equation j+s, @ 3, or a ¿xed point of the function i+s, j+s, . s. In general, i +s, is not increasing in s . This motivates
Note that j is quasi-increasing if and only if i is quasi-increasing.
THE UNIQUENESS RESULT

Theorem 1. If j is a quasi-increasing and strictly R-concave function from
there is at most one positive vector { such that j+{, @ 3=
Proof. Suppose j+{, @ j+|, @ 3 with { A 3 and | A 3= Let 
The positive ¿xed point is +7> 7,> and the points d and e can be taken as +4> 4, and +<> <,= Note that i is not a contraction (since the derivatives are unbounded as { approaches zero), so the Banach contraction mapping theorem cannot be used to show uniqueness.The example can easily be extended to q dimensions, and the square root function can be replaced by any other increasing concave function y+{, such that y+3, @ 3> y +3, @ 4> and y+e, ? e@Q for some positive number Q= (3) The system of differential equations b { @ j+{, is called cooperative if j is quasi-increasing. Smith (1995) discusses a cooperative system of the form
% 2 g 2 , with the interpretation that { and { 2 are sub-populations of a single species, living on two different "patches", with migration between the patches at the rate %, and logistic population growth within each patch N A 3 is the "carrying capacity" of patch l, and u is the reproduction rate when the population is small. Theorem 1 implies that if this system has a positive equilibrium, it is unique. For example, if N @ N 2 @ N, then { @ +N> N, is the unique positive equilibrium.
(4) The (one-dimensional) functions i +{, @ orj+4.{, and i +{, @ {. s { are strictly increasing and strictly concave, but they do not have positive ¿xed points. Tarski's Theorem does not apply because there is no point d such that i +d, A d, and there is no point e such that i +e, ? e.
Then i is increasing and strictly concave, so it has a unique positive ¿xed point (at { @ 6=;59:7;865> { 2 @ 8=7<4;397;7).
REMARKS
(1) It is clear from the proof of Theorem 1 that the strict version of R-concavity can be replaced by the weak version, if the function is strictly quasi-increasing. Note that if i is the identity function, then j is R-concave but not strictly Rconcave, and quasi-increasing but not strictly quasi-increasing of course the uniqueness result fails spectacularly for this function. (2) Suppose j+s, is a system of excess demand functions that satis¿es the gross substitutes property: the demand for good l is strictly increasing in s , for m 9 @ l. Then the function j is strictly quasi-increasing. Moreover, j is homogeneous of degree zero, so it is R-concave (although not strictly R-concave). Thus if there is an equilibrium price vector, it is unique. (3) Under the hypotheses of Theorems 1 and 2, with the additional assumption that i is continuous (which is implied by concavity), the positive ¿xed point can be computed by iterating i from any starting point { in D (and in particular, from the point d). This gives a sequence { ? that is increasing, and bounded above by e> so { ? converges to { f @ vxs+{ ? ,= Since both sides of the equation { ?n @ i +{ ? , converge to { f , it follows (using continuity) that { f is the positive ¿xed point of i= Similarly, the positive ¿xed point can be computed by iterating from any starting point | in the rectangle O such that i +| , | (and in particular, from the point e): in this case the sequence is decreasing, and bounded below by d. (4) Clearly, if j is a quasi-decreasing and strictly R-convex function (meaning that j is quasi-increasing and strictly R-concave) Theorem 1 implies that i has at most one positive ¿xed point. But since there is no analog of Tarski's Theorem for decreasing functions, existence of a ¿xed point is a more complicated problem in this case. Moreover, although it might seem from the one-dimensional case (e.g. i+{, @ { 2 ) that Theorem 1 could be modi¿ed to yield a uniqueness result for increasing and convex functions, the plot below illustrates that the logic of Theorem 1 does not work in the convex case. 2 The plot shows the curves j +{, @ 3> j 2 +{, @ 3 for a pair of quadratic functions. Quasiconvexity of j implies j+{, ? 3 along a ray toward one of the ¿xed points, but since the function is quasi-increasing, this does not give rise to the contradiction in the proof of Theorem 1. 
